Summary. Theory and main applications of infinite dimensional oscillatory integrals are discussed, with special attention to the relations with the original work of K. Itô in this area. New developments related to polynomial interactions are also presented.
Introduction
Professor K. Itô's work on the topic of infinite dimensional oscillatory integrals has been very germinal and stimulated much of the subsequent research in this area. It is therefore a special honour and pleasure to be able to dedicate the present pages to him. We shall give a short exposition of the theory of a particular class of functionals, the oscillatory integrals:
where Γ denotes either a finite dimensional space (e.g. R s , or an s-dimensional differential manifold M s ), or an infinite dimensional space (e.g. a "path space"). Φ : Γ → R is called phase function, while f : Γ → C is the function to be integrated and ∈ R\{0} is a parameter. The symbol dγ denotes a "flat" measure. In particular, if dim(Γ ) < ∞ then dγ is the Riemann-Lebesgue volume measure, while if dim(Γ ) = ∞ an analogue of Riemann-Lebesgue measure is not mathematically defined and dγ is just a heuristic expression.
Finite Dimensional Oscillatory Integrals
In the case where Γ is a finite dimensional vector space, i.e. Γ = R s , s ∈ N, the expression (1.1)
can be defined as an improper Riemann integral. The study of finite dimensional oscillatory integrals of the type (1.2) is a classical topic, largely developed in connection with several applications in mathematics (such as the theory of Fourier integral operators [48] ) and physics. Interesting examples of integrals of the form (1.2) in the case s = 1, = 1, f = χ [0,w] , w > 0, and
2 , are the Fresnel integrals, that are applied in optics and in the theory of wave diffraction. If Φ(x) = x 3 + ax, a ∈ R we obtain the Airy integrals, introduced in 1838 in connection with the theory of the rainbow.
Particular interest has been devoted to the study of the asymptotic behavior of integrals (1.2) when is regarded as a small parameter converging to 0. Originally introduced by Stokes and Kelvin and successively developed by several mathematicians, in particular van der Corput, the "stationary phase method" provides a powerful tool to handle the asymptotics of (1.2) as ↓ 0. According to it, the main contribution to the asymptotic behavior of the integral should come from those points γ ∈ R s which belong to the critical manifold:
that is the points which make stationary the phase function Φ. Beautiful mathematical work on oscillatory integrals and the method of stationary phase is connected with the mathematical classification of singularities of algebraic and geometric structures (Coxeter indices, catastrophe theory), see, e.g.
[31].
Infinite Dimensional Oscillatory Integrals
The extension of the results valid for Γ = R s to the case where Γ is an infinite dimensional space is not trivial. The main motivation is the study of the "Feynman path integrals", a class of (heuristic) functional integrals introduced by R.P. 
